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1. INTRODUCTION

As explained in the preceeding paper by J.P. Turneaure et.al. the
Relativity Gyroscope Experiment is designed to measure the precession rate of
an electrostatically supported mechanical gyroscope to an accuracy of better
than one milliarc-second/year. The General Theory of Relativity predicts that
for a gyroscope in a 650 km polar orbit the geodetic effect, due to the
interaction of the gyroscope with its orbital motion about the earth, will
produce a drift rate of 6.6 arc-seconds/year; while the motional or
gravitomagnetic effect, due to the interaction of the gyroscope with the
spinning earth, will produce a drift rate of 44 milliarc=seconds/year. To
achieve this accuracy, it is necessary to ensure that drift rates of the
gyroscope due to classical effects are less than one milliarc-second/year or
can be modelled and subtracted from the data to this accuracy.

The most important class of the classical torques are the support dependent
torques due to the electrostatic suspension system. Although the gyroscopes
will be flown in a drag-free satellite where the residual accelerations of the
proof mass are less than 10-10 g, an analysis of the classical torques on the
gyroscope1 suggests that these torques due to the electrostatic suspension
system will be dominant. Therefore, a careful analysis of the support
dependent torques on the gyroscope must be used to place requirements on the
gyroscopes and the spacecraft such that the support dependent torques produée
a drift rate less than 0.3 milliarc-seconds/year. This analysis is also
useful for groundr~based testing and evaluation of gyroscopes: a comparison of
the predicted and observed drift rates will not only confirm the results of
this analysis but will be an additional means of qualifying gyroscopes for
flight,

Earlier work 6n the suspension torques of electrostatically supported
gyroscopes was done by Matchett2 and later extended by P. Eby3. They
calculated the electrostatic force on a small surface element of the spherical
rotor and then found the torque 6n this surface element by taking the cross
product of this force with a vector from the center of mass of the rotor. The
net torque on the rotor was then found by transforming to a laboratory-fixed
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reference frame and integrating the torque over the electrode surface. To
simplify the analysis Matchett and Eby assumed that the shape of the rotor
could be averaged over {ts rotation and then expanded this average shape in a
cosine series. The torque on the rotor could then be calculated for each of
the harmonics in this cosine series. Eby used numerlcal integration to
evaluate the torques on the rotor up to the twentieth harmonic for the
electrode shape planned for the Relativity Gyroscope Experiment.

Recent work at Stanford has shown that another approach to calculating the
electrostatic torques on a gyroscope confirms the results of this earlier work
and gives additional insight {nto the nature of these electrostatic torques.
Instead of calculating the torque due to each small surface element of the
rotor and integrating over the electrode to find the net torque, the torque
may be found by calculating the energy stored in the electrostatic field and
differentiating this expression with respect to one of the rotation angles to
find the torque on the rotor. The energy stored in the electrostatic field is
found i{n terms of the capacitance between the electrodes and the rotor. For
an arbitrary rotor and electrode shape, the capacitance may be found by
expanding the radius of the rotor and the shape of the electrode in spherical
harmonics and then calculating the capacitance in terms of the amplitudes of
the spherical harmonics. In performing this calculation, it has been
extremely helpful to borrow some of the mathematical methods which have been
developed for quantum mechanicsu: Rotation operators,or D-matrices, are used
to transform from one reference frame to another and the angular momentum
operator is used to differentiate these expressions with respect to the
rotation angles. The results of the calculations are analytical expressions
for the suspension torques for an arbitrary rotor and electrode shape and for
an arbitrary orientation of the rotor with respect to the housing.

The second part of this paper is a calculation of the electrostatic torque
on a rotor where the electrodes and the housing are fixed with respect to é
laboratory reference frame. The third part discusses the extension of the
calculations to the specific experimental configuration planned for the
Relativity Gyroscope Experiment. The final section discusses application of
these calculations to ground-based testing and evaluation of gyroscopes.

2. ELECTROSTATIC TORQUES FOR A FIXED HOUSING
The total energy stored between two plates of a capacitor is
U= 1/2 cV2 (1)
where C is the capacitance, and V is the potential difference between the two

capacitor plates. As long as the radius of curvature of the rotor or the
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electrode is much larger than the gap between the electrode and the rotor, the

capacitance is given by5
€od@
C-I 5 (2)
U}
where the integral is over the solid angle, Qi' beneath the electrode, CO is

the permittivity of free space, and d is the gap between the electrode and the
rotor, which will be a function of the location specified by the angular
coordinates, 6 and ¢. The gap, d, may be written as the sum of a nominal gap,
do’ which is independent of the location and a small variation Ad,which
depends on the location

dy = dy + Ad (3)
Assuming that Ad is much less than do,the capacitance may be written as a
series

C = Co + C1 (4)
where

(5)

c, = - E:J Ad(g, Q)dn
°Qi °
Each of the terms in this series is smaller than the previous term by an
amount Ad/do. .
To evaluate the integrals it is necessary to specify the electrode shape
and the shape of the rotor. Since each integral is over only that portion of
the surface beneath the electrode, it is convenient to define an electrode
shape function in a coordinate system fixed with respect to the electrode as
1 Dbeneath the electrode :
f1 (8, &) = [ 0 otherwise ‘ (6)
This electrode shape function may then be expanded in terms of the spherical
harmonics, Ygn(e, ¢)

© +4

306, 0) = 2 & fyn¥en(e, 6 1)
J=Om=~4

The electrode shape is completely specified by coefficients, f Evaluation

im*
of the integrals in Equation (5) is then considerably simplified if the

integrand is multiplied by the electrode shape function, and the integral is
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evaluated over the entire sclid angle. Then, the orthonormal properties of
the spherical harmonics may then be used to evaluate these integrals.
The variation in the gap between the rotor and the electrode is the

difference between the radius of the electrode and the radius of the rotor:
ad(e, ¢) = AR(6, ¢) - Ar(e, ¢) (8)

Here AR( 8, ¢) 1s the difference between the radius of the electrode at the

location (8, ¢) and its nominal radius and Ar(8, ¢ ) is the difference between

the radius of the rotor and its nominal radius. The variation in the

electrode radius may be expanded in terms of spherical harmonics

® +k .
BR(8, &) = 3 ¥ PRum Yem(6, ¢) (9)
k=1 m=+k

in a coordinate system which is fixed with respect to the electrodes.
The variation in the rotor radius may alsc be expanded in terms of spherical

harmonics in a coordinate system which Is fixed with respect to the rotor.

® +9
ar(e', ¢') = Z Z Pap Yap(er, ¢') (10)
2:1 pxﬁ‘l

Here §' and ¢' are the spherical coordinates of a point on the surface of the
rotor with 0'=0 defined as the direction of the instantaneous spin axis. To
express the rotor radius in coordinate system fixed with respect to the
housing, the rotation matrices may be used to transform the spherical
harmonics from the rotor-fixed reference frame to the electrode-fixed
reference frame: .
+
Ygp(6', ¢') = &  D¥p(a,8,7) Ygq(e, o) (11)
q=-{
The properties of these rotation matrices are discussed in more detail in
Reference 4. Here 0, B and Y are the Euler angles which define the
orientation of the rotor-fixed reference frame with respect to the electrode~
fixed reference frame: o and B are the spherical coordinates of the rotor spin
axis, and the angle Y represents a rotation about that spin axis. Combining
two equations (10), and (11) the variation in the rotor radius in the
electrode~fixed reference frame is:

® +9 +f,

ar(s, ¢) = 3 3 % rgp DEgpla,8.Y) Yeq(e, &) (12)
=1 p=-f q=+§

The above expressions for the electrode shape function, the variation in
the electrode radius, and the variation in the rotor radius may be used to
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evaluate the integrals in Equation (5), using the ortho-normal properties of

the spherical harmonics.

€olo® 1
Co= =3~ Yi7 foo (13)
Eolo? w 2 &
oo
Cl == d,,! 2_ Z fﬂ,m(le - z r!,p Dlmp(a,B,Y))
=1 m==2 p=*%

Higher order terms in this series may also be evaluated.

The torque on a gyroscope is evaluated by differentiating the expression
for the energy stored in the electrostatic field with respect to one of the
three Euler angles. The result is the component of the torque along the axis
of rotation of the Euler angle.6 Letting n represent one of the three
components of the Euler ang;es,the component of the torque along the axis of
rotation of the angle n is

1 oC
=3 Vg, . (14)

Since the first term in the series expansion of the capacitance is independent
of the Euler angles, it makes no contribution to the torque on the rotor. The
next term in the series expansion for the capacitance does depend on the Euler
angles. Torques which arise from this term are called the primary torques;
torques due to the next term in the series expansion for the capacitance are
called secondary tor'ques.2
With the resulting expressions for the torque on the rotor it is

straightforward to demonstrate a number of interesting points. The electrodes
which will be used in the relativity gyroscope experiment are circular
electrodes deposited on the inner spherical surface of the housing. Taking
the z-axis to be the symmetry axis of the electrodes, the only nonzere
coefficients in the expansion of the electrode shape function, rlm are thoée
coefficients for which m=0., In addition, the coefficients for the electrode
along the negative z-axis, flok are relited to those coefficients for the
electrode along the positive z~axis flo by the relation

foo” = (B f£0* (15)
If there is no variation in the voltage applied to the electrodes at the rotor
spin speed, then it is possible to average over the rotation of the gyroscope.
In this case, all the coefficients for the spherical harmonic expansion of
the rotor shape, rlp with p40 average to zero.

With these assumptions the net primary torque due to the two electrodes

along the z-axis is
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€olo?
5+ Tgr (Vo2 + (- V22) £40% 1y 5% Py(cosp) (16)

f=1

where V+ 1s the potentlal difference between the electrode along the positive
z-axis and the rotor and V_ {s the potential difference between the electrode
along the negative z-axis and the rotor. The identity Dloo(u,e,Y)-Pg(cosa)
has been used to arrive at the above result. The components of the primary
torque along the a and y rotation axes are identically zero.

Thus, the primary torques depend only on the asphericities of the rotor
averaged over the rotation axis, Mor The secondary torques also depend on
Qm/do'
Hence, 1if the asphericity of the housing or the miscentering of the rotor is

the asphericities of the rotor but are also proportional to the ratio R

small compared to the nominal gap, do' the requirements on the sphericity of
the rotor must generally be stricter than those on the sphericity of the
housing or the miscentering of the rotor. The above expression for the torque
shows that for circulér electrodes the primary torques tend to make the rotor
Spin axis precess about the direction of the electrode symmetry axis. Also,
the torque due to the odd harmonics of the rotor shape depenq on the
difference between the sqdares of the voltages applied to the electrodes,
while the torques due to the even harmonics of the retor shape depend on the
sum of the squares of the applied voltages. If the same voltage is applied to
both electrodes, then the torques due to the odd harmonics of the rotor shape

are zero,

3. RELATIVITY GYROSCOPE EXPERIMENT

Using these techniques, the support dependent torques have been calculated
for the planned experimental configuration for the Relativity Gyroscope
Experiment7. In this case, the housing is no longer fixed but is allowed to
roll about the line of sight to the reference star with a 10 minute period,
and the average torque is calculated over the roll period. The four ~ _
gyroscopes are initially spun up to 170 Hz along the housing roll axis to
within to 5 arc seconds, Subsequent misalignments between the housing roll
axis and the rotor spin axis will be due to the aberration of starlight due to
the orbital motion of the satellite about the earth (amplitude 5 arc sec), the
aberration of starlight due to the ofbital motion of the earth about the Sun
(amplitude 20 arc sec), and the relativistic effects. For each gyroscope the
housing roll axis will lie at the midpoint between two of the electrode axes
and perpendicular to the third electrode axis.
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The dominant support dependant torques for this planned experimental
configuration may be placed in six separate categories. The primary torques
are calculated (1) for the case where the rotor spin axis is exactly aligned
with the housing roll axis and the housing roll axis is exactly aligned with
the midpoint between the two electrode axes, (2) for the case where the rotor
spin axis is slightly misaligned with the housing roll axis, and (3) for the
case where the housing roll axis does not quite lie at the midpoint between
two of the electrode axes. The secondary torques have been calculated for the
case where the housing roll axis and the rotor spin axis are exactly aligned
as in case (1) above but there is (4) a constant miscentering of the rotor
with respect to the housing (5), a miscentering of the rotor which varies at
the housing roll frequency, or (6) an asphericity of the housing. The
additional secondary torque for the case where the rotor spin axis or the
housing roll axis is slightly misaligned is expected to be at least a factor
of 100 smaller than these torques listed above. Higher order contributions to
the torques are also expected to be significantly smaller than the torques
given above, ’

With these results the torques may be calculated if the voltages applied to
each of the six electrodes in known. This voltage is determined by the
average (or preload) voltage applied to two electrodes along a given axis and
the residual acceleration of the rotor. Sources of acceleration on the rotor
which have to be considered are (1) the acceleration due to the gradient in
the earth's gravitational field since the rotor is not at the same location as
the drag~free proof mass, (2) acceleration due to noise or residual bias in
the drag-free controller, (3) acceleration due to noise in the rotor's
electrostatic suspension system, (Y4) acceleration due to noise in the
satellite's attitude control system, (5) acceleration due to the self-
gravitation field of the satellite, and (6) centrifugal acceleration-caused if
the center of the gyroscope does not lie exactly on the satellite roll axié.

The calculations yield analytical expressions for the dominant support
dependent torques which were discussed above. For example, consider the
primary torques for the case where the spin axis is aligned with the housing
roll axis, and the housing roll axis lies at the midpoint between two of the
electrode axes. The torques due to the odd harmonics of the rotor shape ar'e7

T = mqp(Q) agdd a7
where m is the rotor mass, qp(Q) is the component of the acceleration
perpendicular to the housing roll axis at the roll frequency, ), as seen in a
housing fixed reference frame, and a,4d is an easily calculated dimension
which depends on the odd harmonic contributions to the asphericity of the
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rotor. The torques due to the even harmonics of the rotor shape, for the case

where the housing roll axis lies midway between the a and b electrode axes is

m qa* qp*
7 = 5 ha(ﬂ) - hb(Q) + 'h—a-(Q) - ib—(ﬂ)] agven (18)

Here, ha(Q) and hb(Q) are the roll frequency componegts of the greload
acceleration along the a and b electrode axes and qQ, () and a (Q) are the
roll frequency components of the square of the physical acceleration along
these two axes. The preload acceleration is proportional to the square of the
average voltage applied to the two electrodes along a given axis. It {s equal
in magnitude to the physical acceleration when the control system causes the
voltage on one of the electrodes to be zero.

These two expressions for the torques on the gyroscope lead to a set of
requirements on the rotor and the satellite such that no one of these support
dependant torques is strong enough to cause a drift rate greater than 0.3
milliarc seconds/year. For example the asphericity of a flight quality rotor
is expected to be such6that

aodd <10 Scm

3gyen < 10 ° cm
The larger contribution to the asphericity from the even harmonics of the
rotor shape is due to the centrifugal distortion of the rotor. With these
restrictions on the asphericity of the rotor, the requirements on the
acceleration of the rotor are:

q,(Q) < 10710 ¢ L

1/2 [ha(Q) - ho(g)] <10 g

2(Q) 3(Q)
1 da - b < 10~11 g
2 ha hp

Obviously, there wi;l be a trade-off between these requirements: tighteniné
the requirements oh the rotor will loosen the requirements on the acceleration
and vice versa. |

Similar expressions may be derived for the torqueé due to the even and odd
harmonics of the rotor shape for the primary torques where the spin axis or
the roll axis is misaligned and for the secondary torques. Requiring that no
one of these torques produce a drift rate greater than 0.3 milliarc~
seconds/year leads to a set of constraints on the gyroscope and the space-
craft. Since these expressions for the torque are analytical it is clear from
these results what the trade-offs between the various requirements will be.
For example, tightening the requirements on the sphericity of the rotor will
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loosen the requirements on the drag-free control system. An example of the
requirements on the gyroscopes and the spacecraft which is sufficient to meet
the above criteria is given in Table 1.

TABLE 1
EXAMPLE OF THE REQUIREMENTS ON THE GYROSCOPES AND SPACECRAFT

This table is an example of a set of requirements on the gyroscopes and the
drag~free control system which satisfy the condition that none of the calcu~
lated electrostatic torques on the gyroscope produce a drift rate greater than
0.3 millirarc-seconds/year. In this example, the specifications of one gyro-
scope are assumed to have certain values, and the requirements on the space-
craft drag-free control system are derived from the analytical expressions for
the torque. The requirement on the accelerations are given in a reference
frame fixed in the spacecraft.

Gyroscope
1. Rotor spin-axis misalignment < 20 arcsec.
2. Housing roll axis misalignment < 3 arc min.
3. Miscentering of the rotor < 10 microin.
4, Vvariation in miscentering at roll

frequency - < 0.1 microin,
5. Amplitude of housing asphericity < 10 microin.
6. Amplitude of rotor asphericity < 0.4 microin,
7. Electrodertorrotor gap 1 milli~in,
8. Rotor spin speed , 170 §7
9. Preload acceleration 2x10 ' g

Drag-=Free Control System
1. D.C. acceleration parallel to the -7

roll axis <10 g
2. Acceleration perpendicular to the -10

roll axis at the roll frequency <10 g
3. Acceleration parallel to the roll -9

axis at the roll frequency <10 g
4. Acceleration parallel to the roll -

axis at twice the roll frequency < 2x10_7 g
5. Root~mean-square acceleration < 2x10 T g -

6. Square root of the roll frequency
component of the square of the -
acceleration <10 g

T. Square root of the twice roll
frequency component of the square of the _
acceleration i <10 " g

8. Square root of the difference
between the roll frequency components
of the squares of the acceleration along
two axes <10 g

4. APPLICATION TO GROUND~BASED TESTING AND EVALUATION OF GYROSCOPES
Measurements of the drift rates of gyroscopes in a groundrbased laboratory
along with measurements of the physical characteristies of the gyroscopes is a
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useful method of verifying these results. For a gyroscope in a 1-g environ-
ment, which is spinning at 170 Hz, and which is spherical to within 10—6
centimeters, typlical precession rates will be on the order of 0.1°/hr, which
is significantly smaller than the 15°/hr rotation rate of the earth. Measure-
ments of the drift rate due to the asphericities of the rotor will be most
easily made If the rotor's spin axis is nearly aligned with the earth's rota-
ﬁion axis. 1In this configuration the drift rate due to the rotation of the
earth is minimized and the orientation of the rotor's spin axis with respect
to the local vertical does not change as the earth rotates. A facility for
testing superconducting gyroscopes which are initially spun along the direc~
tion of the earth's rotation axis is now being constructed at Stanford.

Once these results for the torques on the gyroscope have been experimen-
tally verified, the measured drift rate of gyroscopes may be used to determine
the gyroscope's physical properties, such as masé unbalance or rotor aspheri-
city. Only the components of the mass unbalance and rotor asphericity
averaged over the rotation of the gyroscope contribute to the drift rate of
the gyroscope. Since the orientation of the spin axis within the rotor is
constantly changing due to the polhode motion, it might seem to be a hopeless
task to extract information about the spin averaged quantites. However, by
using the signals from the magnetic flux trapped in the rotor, it will be
possible to measure the motion of the spin axis in the rotor and unravel the
contributions to the rotor's drift rate., In addition, it will be possible to
find some information about the differences in the moments of inertia of the
rotor. The results of these measurements may be used as a method of qualify~
ing gyroscopes for the flight experiment.

There are two interesting classes of gyroscope torques which are expected
to be negligible in the flight experiment but which are observable in ground~
based testing of gyroscopes: torques which change the rotor's spin speed and
those which cause the polhode motion to be different than the polhode motion
in the absence of external torques. If there is a Variation in the voltaée
applied to the electrodes at the rotor spin-speed, then it is no longer possi-
ble to average over the rotation of the gyroscope and there will be some

- torques which change the rotor's spin speed, These torques must be carefully

evaluated to find the correlation between the measured pressure in the housing
and the spin-down rate of the gyroscope.

Those torques which affect the polhode motion of the rotor may be calcu-
lated using methods similar to those described in this paper but evaluating
the torques in a rotor~fixed reference frame. At slow spin speeds the motion

©of the spin axis within the rotor is determined by these torques. As the spin



Support Dependent Torques 475

speed increases the centrifugal torques which are responsible for the torque-
free polhode motion become dominant. For ground-based testing of a flight~-
quality rotor the spin speed where the electrostatic torques are the same
order of magnitude as the centrifugal torques is expected to be 12,5 Hz. For
the same gyroscope in an orbiting drag-free satellite where the residual

acceleration is less than 10"10 g, this critical spin speed becomes 1.25%10

Y
Hz. For the flight experiment the gyroscope is to a very good approximation a
free rigid rotor. For ground-based testing at the slower spin speeds these
torques which change the polhode motién must be taken into account.
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