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Abstract Gravity Probe B (GP-B) is a grawi-
tational experiment designed to measure two pre-
dicted by General Theory of Relativity precessions
of a free-falling gyroscope placed in a polar orbit
about the Earth. The frame-dmgging effect” (drift
perpendicular to the orbitql plane) has never been
directly measured before, while the geodetic effect
(drift in the orbital plane) will be measured with an
unprecedented accuracy. GP-B Data Analysis in-
cludes processing telemetry data from severgl phys-
ical sources placed on the GP-B spacecraft: the sci-
ence gyroscope’s readout system, telescope optical
system, Global Positioning System (GPS), and the
Spacecraft’s attitude control system. We discuss
here only one of the numerous problems that need
to be resolved through Data reduction.: precise es-
timation of the gyroscope’s relativistic drift rates.
The two-step nonlinear filtering approach is pre-
sented and estimation recursive algorithms that will

be used in the GP-B Data Analysis are discussed.
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1 Introduction

The Gravity Probe-B Relativity experiment (1]
makes use of gyroscopes in Earth polar orbit to
measure two effects of Einstein’s General The-
ory of Relativity with previously unachieved
accuracy - the precessions of the loca] inertial
frame free falling about the Earth with respect
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Figure 1: GP-B experimental concept

to the inertial frame of the distant universe. In
a polar-orbiting spacecraft, with the gyroscope
spin axes lying in the plane of the orbit and
perpendicular to the Earth'’s rotation axis, the
two effects to be measured - the geodetic effect
and the never before measured frame—dragging
effect - are at right angles with respect to each
other. The magnitudes of the two effects in a
650 km polar orbit are 6.6 arcsec/year for the
geodetic effect and between 33 and 42 marec-
sec/year for the frame-dragging precession, de-
pending upon the choice of guide star. Figure
1 is a schematic representation of the GP-B
experimental concept.

The experiment will measure these preces-
sions with respect to the line-of-sight to a ref-
erence star whose position and proper motion
with respect to the inertial frame of the distant



universe (the fixed” stars) is determined in
Separate astrometric measurements. The goal
is to measure the geodetic precession to bet-
ter than 1 part in 10% and the frame—dragging
precession to better than 1 percent. The fun-
damental objective of the relativity mission is
to measure the angular rate between the lo-
cal frame (free-falling about the Earth) and
distant inertial space (defined by the ”fixed”
stars) to an accuracy better than 0.5 mare-
sec/year, independently in each direction, for
a one year experiment.

Changes in the direction of local inertial
space are detected by measuring the Science
Gyroscopes (SG) spin axis direction relative to
the spacecraft (S/C) in which the SG are con-
tained with a low noise, non-interfering read-
out system (four gyroscopes are used for re-
dundancy with certain systematic effects re-
moved by spinning them in opposite direc-
tions). The spacecraft is referenced to distant
inertial space, as calibrated by a guide star, by
the Science Telescope (ST) fixed to the space-
craft. The SG and ST data are subtracted
from each other and corrected for known ef-
fects (such as aberration of starlight and oth-
ers) in a data reduction process whose output
is the measured drift between the local and
distant inertial spaces; i.e., general relativistic
drift. Extremely low levels of acceleration on
the SG’s are required to keep the Newtonian
drifts of the gyroscopes from overly corrupting
the experiment data. The spacecraft is there-
fore operated drag free to minimize the effects
of disturbances on the science gyroscopes and
guarantee that they remain in g purely grav-
itational orbit (geodesic). One science gyro-
scope will be used as the drag free proof mass
to virtually eliminate the disturbing forces on
that SG. The GP-B spacecraft and its attitude
control system are designed to point the tele-
Scope continuously towards the guide star (or
towards its apparent position) and to minimize
the body-fixed pointing error.

The GP-B spacecraft also rotates at a con-
stant roll rate about the line of sight to the
guide star. Rolling the satellite allows to move
the science signal to the roll frequency, where

the readout measurement noise (which has
spectrum) is lower, Rolling also allows a ¢
gle gyroscope pick-up loop and its readout
measure both the geodetic and frame-dragg;
precessions. Good orbital information of b¢
the Earth and the §/C is required for the «
periment calibration against known fundame
tal processes. The readout system scale fact
is precisely calibrated during the experime
using the optical aberration of starlight due
the spacecraft motion around the Earth a;
the Sun.

The GP-B gyroscope has been designed
a near perfect inertijal instrument: Newtonic
precession due to the classical torques is su
posed to be less than 0.3 milliarcsec/year. Th
means that the gyroscope’s measured prece.
sion angle is assumed to be caused mainly t
the relativistic effects. A detailed analysis ¢
classical torques acting on the GP-B gyroscor
is presented in [2].

In this paper we describe our approach t
the GP-B Data Analysis as the set of fil
ters that estimate the model-dependent systen
state vectors and calculate covariance matrice:
that represent statistical errors of the relativis
tic drift measurements due to the gyroscope
and/or telescope readout noise and unmodelec
disturbances.

2 GP-B Science Signal Mode]

The accuracy required in the GP-B experiment
demands resolving numerous problems of the
‘optimal’ data processing of the GP-B science
signals. Here we discuss only one of them: es-
timation of the relativistic geodetic and frame-
dragging drift rates of the GP-B gyroscope
from the data provided by the gyroscope’s
readout system. The GP-B readout system
is based on the effect of magnetic field gen-
erated by a spinning superconductor(London
moment) [3]. Precession of the gyroscope an-
gular momentum results in the variations of
the London moment, that is aligned with the
instantaneous gyroscope spin axis. The sci-
ence signal measured by the readout system



represents the London moment magnetic flux
through the gyroscope pick-up loop converted
to the output voltage by the SQUID magne-
tometer.

The simplified miodel of the gyroscope sci-
ence signal can be represented as

2(t) = Cy[(NSo + Ryt - £1(t)) cos(wst + 6¢)—

(EWo+ Ryt —ea(t)) sin(wrt+56)] +b(t) + w(2),

(1)
where C, is the readout system scale factor,
NSy and EW, are North-South (in the orbital
plane) and East-West (perpendicular to the or-
bital plane) initial misalignments, Ry and Ry
are the average drift rates, w, is the spacecraft
roll rate, 6¢ is the roll phase offset, £; and
€2 are optical aberration components, b is the
readout system bias. Measurement noise v(t)
1s assumed to be a white noise with zero mean
and known covariance matrix R.

Optical aberration is a shift in the apparent
direction towards the guide star due to the ve-
locity of the spacecraft to the line of sight to
the star. There are two categories of aberration
for the GP-B spacecraft: orbital aberration
caused by the satellite’s orbital motion around
the Earth, and annual aberration, due to the
motion of the Earth around the Sun. Optical
aberration signals are continuously calculated
based on the information from the on-board
GPS and NASA/JPL Earth ephemerides.

3 Relativistic drift rate esti-
mation

Introducing the state vector of parameters to
be estimated,

: T
X = Ry, Ry, C,, 8¢, NSy, EW), o, (2

and under reasonable assumption that some
components of the state vector (2) may vary
with time during the experiment, the data
analysis problem is recognized as the nonlin-
ear'ﬁltering problem: for the linear state vector
model

Ti+1 = Qpzp + Drwk, w~N(0,Qx), (3)

and nonlinear measurement model

2k = F(xkatkvel(tk),52(tk)) wr) + g,
k=1,2,...,N (4)

find the estimate % that minimizes the least-
square cost function

N
J = % {Z(zk—F(ﬂrk,tk))TR_l(Zk—F(xk,tk))
k=1

N-1
+ ) Wl Qp wy (5)
k=1

For the GP-B science signal structure (1),
as it has been shown by numerous simulations,
the standard nonlinear estimators, such as the
extended Kalman filter (EKF) and the iterated
extended Kalman filter (IEKF) [4] give, , a bi-
ased estimates of relativistic drifts Ry and Ry.
The reason is that both EKF and IEKF lin-
earize the measurement equation (4) and the
cost function (5). To overcome that difficulty,
a new nonlinear recursive two—step estimator
has been developed [5]).

Instead of linearizing the cost function, it
breaks the minimization procedure into two
steps. A new set of states is defined for the
first-step filter using nonlinear combinations of
the unknowns, so that the measurement equa-
tion becomes linear with respect to the new
ones. The choice of first step states is de-
pendent on the particular problem being ad-
dressed. The first—step linear problem can be
solved optimally by exploiting a linear Kalman
filter. The second-step states are then calcu-
lated by treating the first step state estimates
as 'new’ measurements and by using an itera-
tive Newton—Raphson searching algorithm.

By choosing the first step states as

y=f(z)=

[ Cy(NSycos 6¢ — EWysinsg) ]
—Cy(NSysinbép + EW cos §¢)
Cy(Rgcosb¢ — Rysinb¢)
—Cy(Rysiné¢ + Ry cos b¢) (6)
~Cgycos b
Cgsinég
b |
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we convert the nonlinear measurement equa-
tion (1) into a linear one:

z=H(t)y +v, (7)
where

H= {cosw,.t, sinwyt, tcoswyt, tsinw,t,

€1 COswrt+egsinwyt, €1 sinwyt —eg coswyt, 1]

(8)

Applying now the two-step estimator [5] we

obtain the following recursive estimation pro-
cedure.

First-Step Optimization: (§ and P, are the
optimal first step estimate and covariance ma-
trix).

Measurement Update:

Uk = Uk + PyxHT R Yz — Hiiji),

-1 .
Py = (M} + HT R;'Hy) (9)
Time Update:

Ue+1 = Gk + fra1(Trs1) — fe(Ers1)
T
(%) e ()]
T

of of
-{(5) 7+ (%)

Second-Step Optimization: (% and Py are the
optimal second step estimate and covariance
matrix).

Iterative Measurement Update (i- iteration
number):

My,k+1 = Py,k+

T=Tk41

(10)

Jtzik

Pz,k,iqg:ﬁ k‘=1,2,...,N

_ CTANNNE.
()

s = (e~ )R ()

Thiv1 = Tk, —

T=Tk,;

=

R

(i1)

FRAME-DRAGGING Estimation Error ( marcsec/yr )

Time Update:

Tiy1 = Priy; k=1,2,..., N-1

Mg = @, Py s ®iT 4+ ThQiliT (12)

Matrices H, ®,T', Q and R, as well as nonlinear
transformation y = f(z), are defined above.

The two-step nonlinear estimator (2)-(12)
has been used intensively for the general er-
ror analysis of the GP-B experiment. Figure
2 shows the dynamics of the estimation pro-
cess and the potentially achievable accuracy
of estimation. Qualitatively, the combination
of the orbital (100-min period) and annual (1-
year period) aberrations allows to determine
the readout system scale factor C, and roll
phase offset §¢ (science instrument dynamic
calibration), which in turn allows to get the
best estimate of the geodetic (R,) and frame-
dragging (Rjy) relativistic drifts.

A Tv!'o-Step Nonlinear Filter: Squid and ;’I‘clescope

Estimation RMS after one year = .2363 marcsec/yr
<Egti error aller one year=:11267 marcsechyr-
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Figure 2: Relativistic drift estimation

The two-step filtering approach, described
above, is also being used for various GP-B
Data Analysis problems of the multi-sensor
signal processing, where in order to achieve
the required accuracy of the relativistic drift
measurements, it is necessary to combine and
optimally process data from the four GP-B
science gyroscopes, science telescope’s photo-
detectors, spacecraft attitude control system,
on-board GPS, together with the auxiliary
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information about the on-board environmen-
tal temperature and magnetic fields variations
during the science mission. The ’bank’ of filters
with the different content of the state vectors,
based on the above described methodology, is
planned to be used in the data reduction that
will start soon after the GP-B satellite’s launch
scheduled for October of the year 2000.
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