
International Journal of Theoretical Phy~ics, Vol. 39, A'o. 5, 2000 

General Treatment of Orbiting Gyroscope 
Precession 

Ronald J. Adlerl and Alexander S. Silbergleitl 

Received December 13, 1999 

We review the derivation of the metric for a spinning body of any shape and 
composition using linearized general relativity theory (LGRT), and also obtain 
the same metric  sins, a transformation argument. The latter derivation makes it 
clear that the linearized metric contains only the Eddington a and y parameters, 
so no new parameter is involved in frame-dragging or Lense-Thirring effects. 
We then calculate the precession of an orbiting gyroscope in a general weak 
gravitational field described by a Newtonian potential (the gravitoelecti-ic field) 
and a vector potential (the gravitomagnetic field). Next we make a multipole 
analysis of the potentials and the precession equations. giving all of these in 
terms of the spherical harn~onics moments of the density distribution. The analysis 
is not limited to an axially symmetric source, although the Earth. which is the 
main application. is very nearly axisymmetric. Finally, we analyze the precession 
in regard to the Gravity Probe B (GP-B) experiment, and find that the effect of 
the Earth's quadrupole moment (J-,) on the geodetic precession is large enough 
to be measured by GP-B (a previously known result), but the effect on the 
Lense-Thirring precession is somewhat beyond the expected GP-B accuracy. 

1. INTRODUCTION 

The Gravity Probe B satellite is scheduled to fly in the year 2000 (Keiser, 
1998). It contains a set of gyroscopes intended to test the predictions of 
general relativity (GR) that a gyroscope in a low circular polar orbit with 
altitude 650 km will precess about 6.6 arcseclyear in the orbital plane (geodetic 
precession) and about 42 milliarcseclyear perpendicular to the orbital plane 
[LT precession, see Misner et at. (1973); Ohanian and Ruffini (1994), sees. 
4.7 and 7.8; Will (1993), sec. 9.11. In this paper we review the theoretical 
derivation of these effects and in particular consider the contributions of the 
Earth's quadrupole and higher multipole fields. 
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We first review the derivation of the metric for a rotating body using 
the standard LGRT approach (Lense and Thirring, 1918; Misner et al., 1973; 
Ohanian and Ruffini, 1994, sees. 4.7 and 7.8). The metric is characterized 
by a Newtonian scalar potential (the gravitoelectric field) and a vector poten- 
tial (the gravitomagnetic field) (Ohanian and Ruffini, 1994, sec. 3.5). We 
then obtain the same result with a simple transformation argument which 
clarifies the physical meaning of the metric (Will, 1993, sec. 4.3). Specifically, 
it makes clear that if the metric of a point mass contains fundamental parame- 
ters such as the Eddington parameters a and "y then to lowest order the 
metric of a rotating body contains no new fundamental parameters (Nordtvedt, 
1998). Thus there is no new Lense-Thirring or frame-dragging parameter to 
be measured by GP-B or any other experiment. 

We then derive the precession equations for a gyroscope in a general 
weak field system, that is, for any scalar and vector potential fields (Misner 
et al., Wheeler, 1973). The calculation is valid to first order in the fields and 
velocities of the source body and the satellite. The gravitational field of the 
Earth is described by the scalar and vector potentials, which depend on the 
shape of the body and the mass and velocity distribution inside it. We treat 
both of these fields by a multipole expansion and express the precessions in 
series of spherical harmonics. We do not limit ourselves to the axially symrnet- 
ric case, which has been thoroughly studied by Teyssandier (1977, 1978). In 
particular, we show that for a solid body rotation up to the order 1 5 2 both 
precessions depend only on the tensor of inertia of the Earth. 

The major nonspherical contributions to the GP-B precessions are from 
the Earth's quadrupole moment. The contribution to the geodetic precession 
which has a magnitude of about 1 part in lo3 is detectable by GP-B and 
quite important for the determination of the parameter "y which is to be 
measured to about 1 part in lo5, the most accurate measurement envisioned 
(Ohanian and Ruffini, 1994, sec. 3.5 and in particular Table 14.2). This 
contribution has been calculated independently by Wilkms (1968) and Barker 
and 07Connel (1970), and then in the most elegant and general way by 
Breakwell (1988). The contribution to the Lense-Thirring precession is 
beyond the expected accuracy of GP-B and close enough to the result by 
Teyssandier (1977) obtained from a different Earth model. 

We also estimate the influence of Moon and Sun to find that only the 
geodetic contribution of the Sun must be included in the GP-B data reduction, 
as anticipated. 

Since many parts of this paper refer to previously known results, a 
brief summary of new and novel features is in order. The derivation of the 
Lense-Thirring metric by Lorentz transformation and superposition is the 
simplest and most physical analysis of which we are aware; the physical 
conclusion is that no independent new Eddington (or PPN) parameter is 
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associated with gravitomagneti'c effects, which has involved some dispute 
(Ciufollini and Wheeler, 1995). The basic equations for the precession are 
derived in complete generality in the context of the linearized theory, and 
the "small" terms are considered in detail. The multipole expansions are for 
general (quasistatic) scalar and vector fields and not limited to axisymmetric 
fields; this allows for future analysis of nonaxisymmetric perturbations for 
GP-B and astrophysical systems. For the case where only the multipole 
moments for e 5 2 are important, particularly simple precession results are 
given in terms of the inertia tensor; this allows extension of the classic 
Lense-Thirring formula to a spherical body with any density distribution, 
or to a symmetric top rotating about its symmetry axis. Using two rather 
general models of the Earth, we illustrate how the vector potential field may 
be constructed from the known scalar potential using our general relations. 
Finally, the oblateness correction to the Lense-Thirring precession confirms 
the result of Teyssandier that it is small enough that it does not need to be 
included in the GP-B analysis. 

2. THE METRIC IN LINEARIZED GENERAL RELATIVITY 
THEORY 

We first briefly review this standard derivation of linearized general 
relativity theory. The metric of a rotating body such as the Earth is obtained 
by introducing a small perturbation of the Lorentz metric T ) ~ ,  that is, 

The perturbation hV is assumed to be expressed in isotropic space coordinates 
so that hn = h22 = h33 = hs. Similarly, we suppose the matter producing 
the metric field is described by the energy-momentum tensor of slow-moving 
and low-density matter with negligible pressure, 

where u^- is the 4-velocity and p is the matter density. The field equations are 

where Gnv is the Einstein tensor. 
The calculation of GÃˆ and TPv to the lowest order in the perturbation 

is straightforward and results in the following equations: 
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Here indices are raised and lowered with the Lorentz metric, which is consis- 
tent to lowest order, and the vertical bar denotes differentiation. The last 
expression imposes the so-called Lorentz condition, which can always be 
achieved by a coordinate transformation (to lowest order) and involves no 
loss of generality; it is also the analog of a gauge choice in electromagnetism. 
Because we have used isotropic coordinates, equation (4) leads immediately 
to hOo = hy,  and the standard classical correspondence gives hyo = 11,~ = 20.  
We thereby obtain the wave equations for the scalar and vector potentials: 

where is the velocity of the source. These equations may be solved in the 
standard way by means of a retarded Green's function. In the case of a time- 
independent system, or a system which changes so slowly that retardation 
effects may be ignored, the solution is 

Note that these expressions are analogs of the equations of electrostatics 
and magnetostatics, which is why one may speak about gravitoelectric and 
gravitomagnetic effects in the linearized theory. 

In summary, we may write the (Lense-Thirring) line element as 

d? = (1 + 2@) dt2 - (1 - 2<&) dr2 + 22 - d r  dt (10) 

This is valid to first order in field intensity and source velocity, and will 
serve as a basis for calculating the gyroscope precession. Figure 1 shows the 
general aspects of the scalar and vector fields of a spinning body; the vector 
field generally points in the same direction as the velocity of the surface of 
the body. 

3. THE METRIC WITH PARAMETERS: DERIVATION BY 
FRAME TRANSFORMATION 

It is, in fact, possible to obtain the above result from a different and 
physically interesting perspective, and moreover introduce parameters conve- 
nient for discussing experimental measurements. Following Eddington, con- 
sider the metric of a massive point with a geometric mass m at a large distance 
r, so that mlr << 1. We expand the Schwarzschild solution in isotropic 
coordinates for this situation as 
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Fig. 1. (a) The scalar field contours and the flow lines of the vector field. (b) The gradient of 
the scalar field and the curl of the vector field. 

Eddington suggested 

2m2 2m 3m2 +-+  ...) df- (1 + -+ -+  ...) Â£ 
r2 r r2 

that this be written in terms of parameters as 

where a, p, and "y are equal to 1 for general relativity. The power series (1 1) 
is clearly a rather general form for the metric far from a spherical body. 

Since the parameter m which appears in the metric is a constant of 
integration representing the mass of the central body (specifically m = GMI 
c2), we may absorb the parameter a into it, which is equivalent to taking 
a = 1. This is consistent as long as no independent nongravitational determi- 
nation of the mass of the body is considered. We will nevertheless retain a 
in our calculations as a book-keeping device. 

Indeed, the parameters in (1 1) may all be viewed as a tool for tracking 
which terms in the metric contribute to a gravitational phenomenon such as 
the perihelion shift of Mercury or the deflection of starlight by the Sun. 
Alternatively they may be viewed as numbers which may not be equal to 1 
if a metric theory other than general relativity is actually valid. In either case 
they provide a convenient way to express the results of experimental tests 
of gravity as giving value to the parameters. This parametrized approach has 
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been extended to include many other parameters and has been highly devel- 
oped under the name "parametrized post-Newtonian theory," or PPN (Will, 
1993). In this paper we take the viewpoint that general relativity is to be 
tested and emphasize that we are not using the more general PPN approach. 
Solar system measurements give (3 - 1 = (0.2 2 1.0) X l o 3  and -y - 
1 = (- 1.2 2 1.6) X l o 3 ,  which are of course entirely consistent with 
general relativity. 

We consider now only phenomena in which the quadratic term, -d l  
r2, in goo is unimportant, that is, in which we may ignore (3 and assume that 
the underlying gravitational theory is linear. Then for a stationary mass, 

(stationary point mass) (12) 

Since this is nearly the Lorentz metric, we may generalize it to a moving 
mass point by simply transforming to a moving system using a transformation 
that is Lorentzian to the first order in velocity: 

t,. = t - vx, x,. = X - vt 

Here the subscript r labels the system in which the mass is at rest, and 
which moves at velocity v in the x direction in the laboratory system. This 
transformation gives the metric for the moving mass point as 

(point mass moving in x direction) 

This obviously generalizes for motion in any direction to 

(moving point mass) (13) 

As we assume that our theory is linear to this order (like general relativity), 
we can superpose the fields o f 5  distribution of such point masses and replace 
mir by @(r) from (8) and 4mvlr by h( r )  from (9), resulting in 
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This agrees with the general relativity result (10) when a = y = 1, but now 
contains appropriate combinations of Eddington parameters. 

We emphasize that this line element has been obtained for any slowly 
moving mass distribution from the parametrized metric for a stationary mass 
point by transformation and superposition, and thus no new parameter appears 
in the expression. Therefore a measurement of a phenomenon which depends 
on the cross term in (14) provides a value for a + yand  not for some new 
parameter associated with gravitomagnetism (Cuifollini and Wheeler, 1995; 
Nordtvedt, 1968, 1988a, b, 1998; Adler and Silbergleit, 1998; Adler, 1999). 

Note also that the result is rather strong since it depends on the observa- 
tionally verified Schwarzschild metric (12), the well-tested Lorenz transfor- 
mation, and the principle of superposition, valid for any linear theory. 

4. GENERAL PRECESSION RELATIONS 

An orbiting gyroscope has its spin axis parallel-displaced in accord with 
the metric (14). We calculate this motion with minimal assumptions about 
the potentials, which could be the potentials of a nearly spherical and rather 
uniform rigid body such as the Earth or a potato-shaped body such as in Fig. 
1, with some interior mass distribution. We will work always to the first 
order in the potentials and in the velocities v and V of the source and orbiting 
gyroscope. The parallel displacement equation for the gyro spin SF is (Misner 
et al., 1973; Ohanian and Ruffini, 1994, sees. 4.7 and 7.8; Will, 1993, sec. 9.1) 

We suppose that the gyro spin 4-vector is perpendicular to the velocity 4- 
vector, which is equivalent to assuming that the gyro spin has no zero 
component in its rest frame. From this assumption the zero component in 
another frame is easilyobtained, and to first order in the satellite velocity it 
is given by S o  = S . V. We calculate the Euler-Lagrange equations in the 
standard way, and then put them into canonical form to give the Christoffel 
symbols. To lowest order in the potentials and velocity the Christoffel sym- 
bols are 
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The Roman indices in these expressions are space indices and run from 1 to 
3, a vertical bar denotes an ordinary derivative, and l + i. Note that the 
gravitational vector potential h occurs in a gauge invariant way, that is only 
its curl appears. 

Substitution of the Christoffel symbols into the spin equation of 
motion gives 

We break the drift rate into two parts, the geodetic drift rate due to the scalar 
potential <?, and the Lense-Thirring precession rate due to the vector potential 
Ã‘ 

k .  Separating also symmetric and antisymmetric parts of the geodetic effect, 
we arrive at, in a 3-dimensional vector notation, 

and 

+ 
where flu and He are the instantaneous~alues of the Lense-Thirring and 
geodetic precessions, respectively. Since air is the curl of the gravitational 
vector potential the Lense-Thirring precession rate is the analog of the 
magnetic field in magnetostatics theory. The geodetic effect is of the order 
of the scalar potential times the orbital velocity of the satellite, while the 
Lense-Thirring terms are of the order the scalar potential times the velocity 
of the central body (the Earth), which is typically much smaller than the 
orbital velocity. Symmetric geodetic terms are responsible for stretching the 
spin vector S ,  and the reason for separating them is that their effect almost 
vanishes when averaged over any reasonable satellite orbit. To see this, 
consider the last term in the symmetric part of the geodetic drift rate. Using 
Newton's law in the form VQ = - V, we may write 
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where A?' is the change in the velocity squared in total time T, and it is 
assumed that the drift rate is small and S does not change significantly during 
this period of time. If the orbit is periodic, this quantity will be zero, and 
for a nearly periodic orbit it will be very small. Similarly for the remaining 
symmetric terms in the geodetic drift we may write 

Again, this is zero for a periodic orbit and very small for a nearly periodic orbit. 
In summary, the average precession rate of the gyro spin is 

(3) = (So) + ( 'SLT),  ( so )  = (Tic) X 3, (SLT) = (GLT) X 5 (20) 

with the values of the geodetic and precessions given in (17) and (18). 
Note that the geodetic and Lense-Thirring effects are approximately 

perpendicular to each other for an approximately polar orbit around a central 
body of reasonable shape; for a circular polar orbit about a spherical body 
they are perpendicular. Figure 2 shows the orientation of the various vectors 
for a fairly general situation, a satellite in a roughly planar polar orbit about 
an oddly shaped body. The geodetic precession vector fl is roughlyperpen- 
dicular to the orbit plane and the Lense-Thirring precession vector flu has 
the general appearance of a dipole magnetic field. 

If there are relatively distant masses, such as the Moon, in the neighbor- 
hood of the central body, their density distribution pD(r) may be expressed as 

The effect on the scalar and vector potentials is 

It then follows that the precessions due to these distant masses are 
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(a) (b) 

Fig. 2. (a) The satellite is in a roughly planar polar orbit. and the geodetic precession vector 
is perpendicular to the orbit. (b) The orientation of the vectors relevant to the Lense-Thirring 
precession: the precession vector field has the appearance of a dipole magnetic field. 

+ + -> Ã‘ 

where L,, = M,,(r - r,,) X v,, is the angular momentum of the distant mass. 
For the specific case of the Moon and the GP-B experiment the numerical 

values will be discussed in Section 9. 

6. MULTIPOLE EXPANSIONS 

We will henceforth study the case of a body such as the Earth which is 
rigidly rotating. that is, v  = a) X r .  Motivated by expression (9 ) ,  we introduce 
a new vector potential quantity S ( r ) :  

The vector z(7) is a harmonic function outside the body which we will 
expand in spherical harmonics; for a special spherically symmetric case 
+ + 
n ( r )  is collinear with r .  In terms of Y l ( r ) ,  the metric (14) may be written as 

+ + 
Using (8) and (9 ) ,  it is possible to express the divergence of I I ( r )  via 

the scalar potential, namely, 
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which allows us to rewrite formula (17) for the Lense-Thirring precession as 
+ 

= -(a + y )  [(" + ;((I? + r . VQ)] ITLT- 

+ 
Here we have chosen the z axis to be along the spin, w = mf. 

We now put the origin of spherical coordinates { r ,  0 ,  i p }  at the center 
of mass of the body, introduce spherical harmonics with the notation 

* 
and expand the potentials (I? and I1 in corresponding series: 

[1 = 1 terms in (26) and I = 0 terms in (27)  are missing because the origin 
is at the center of mass of the body; see expressions (28)  and (29)  below]. 
These expansions are in the inertial frame in which the body rotates; the 
direction of the coordinate polar axis z is so far arbitrary; R is the characteristic 
size of the body, which we take to be the equatorial radius for the Earth. 
The potentials are slowly varying functions of time due to the Earth rotation, 
so we write the coefficients as explicit functions of time. These coefficients 
are related to the mass distribution in the standard way by 

a x 0  = M ( I  + nz) ! 
Yifll(0, i p )  d'!; (28)  

( 2  - L o )  ( I  - m ) !  PW = YJ,,,(Q, ip) d^r (29)  M ( I + m ) !  

Note that generally the domain of integration here is also time dependent. 
In particular, we write for convenience aYo(t) = am(t), ak( t )  = 0, pg(t) = 
~ i o ( t ) ,  p!iXt) = 0. 

The time dependence in (28)  and (29)  may be easily analyzed for a 
rigidly rotating body provided that the rotation axis is fixed both in the inertial 
space andin the body. In that case in the inertial frame with the z axis along 
the spin, w = co 2, the Earth density is 
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-> 
where pdr, 0, ip) -= pe(r) is the time-independent density measured in the 
frame rotating with the Earth. Substituting this for the density in (28) and (29) 
and transforming to the Earth-fixed frame, we find that the time-dependent 
coefficients may be written in terms of constant moments of density 
according to 

cos wt -sin ~ t l l  [z] [ I  = Isin wt cos wt (30) 

and the time-independent coefficients are explicitly given by 

If the rotation axis wanders in the body andlor in the inertial 

d3; (33) 

space, the 
relation between the time-dependent and time-independent coefficients is 
given by a combination of appropriate rotation matrices which is more compli- 
cated than the one matrix in (30) and (31) (Rose, 1957). Generally, a time- 
dependent coefficient with the indices 1 and m is a linear combination of the 
appropriate time-independent coefficients with the indices 1 and 11 = 0, 1, 
. . . ,  1. 

Introducing now the time-dependent coefficients from (32) and (33) 
back into (26) and (27), we obtain the time-dependent potentials in a conve- 
nient form using time-independent coefficients only: 

This is of course what one should expect intuitively; in general this form 
will be most useful for our purposes. 

The constant coefficients a],,, in (34) are those that are measured very 
accurately for the Earth [up to 1 = 18, their values are found in World 
Geodetic System 1984 (1987)l. However, for the Earth of arbitrary shape and 
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composition it is impossible to express pk, through a^,; in other words, their 
values, and hence the scalar and vector potentials, are independent. Neverthe- 
less, a useful relationship between the two sets of coefficients exists; to 
describe it, we need a notation for a general moment of the density, 

In particular, 

Using the definitions (32)  and (33)  and the recurrence relations for Legendre 
functions (Bateman and Erddyi, 1953), we derive the following equalities 
relating pKt to ah: 

p\: = (21 + 1)-'{-2-'(1 + m + I ) ( /  + m + 2 ) ~ ~ + ~ , ~ + ~  

+ ( 2  - Sd)-laj'+il,,-I + [ ( 1  - m)! /M( l  + m ) ! ]  

W + i / - i m + i  - ( 1  + m - + m~M?+i/-in-i l  1 

p g  = ( T ) ( 2 l  + 1)- '{2- ' ( l  + m + l ) ( l  + m + 2 ) ~ f + ~ ~ , + i  (38)  

+ ( 2  - S,,ll)-la~+iÃˆ,- - [ ( 1  - m)!IM(l + m ) ! ]  

[Mhi~- im+i  - ( 7  + - + m ) M L ~ - i m - l I l  

P^ = (21 + 1)- '{(1 + m + l)fl!+ll,,+l 

+ ( 2  - S,,,n)(l - m)!Mj'+il-l,,,/M(l + m - I ) ! }  

In the second line of (38) ,  the minus sign is taken and p = s when v = c, 
the plus sign and u, = c when v = s. 

From (34)  and (35) ,  using the definition (17)  of &, we can compute 
a rather compact multipole expansion for the Lense-Thin-ing precession, 

+ a + y GMw 
d ' d r ,  t )  = -- S [ ( 1  - 4 p } ^  

2 122,m.v 

The corresponding expansion for the geodetic precession is too cumbersome 
to be useful. 
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7. THE FAR-FIELDmIGH-SYMMETRY APPROXIMATION: 
MULTIPOLES WITH 1 5 2 AND THE TENSOR OF 
INERTIA 

If the shape of the central body and the mass distribution inside it 
are known, then all the pertinent quantities, including multipole expansion 
coefficients ax,, and may be found by integration, but this is rarely the 
case. Even when are measured, as for the Earth, all the pj;,, and the 
Lense-Thirring effect with them, remain entirely undetermined. However, 
for a body of any shape and composition, the coefficients (1 = 2) and 
PC,, (1 = 1) can be expressed in terms of the elements IQ of the tensor of 
inertia I determined in a standard way, 

Writing Zii = Zi, we find 

This is done by comparing the integrals (32) (with 1 = 2) and (33) (with 1 = 

1) to Ig using explicit expressions of Legendre functions with 1 = 1, 2; 
formulas for al0 and us2 are known and used in geodesy for the determination 
of the Earth's moments of inertia (Bursa, 1992). 

Introducing EO) into (341, (35') and dropping the terms with 1 > 2 for 
and 1 > 1 for II, we first obtain the 1 5 2 formulas for the potentials: 

From these we then obtain the approximation for the precessions by differenti- 
ation of the expressions (18) and (17) [see also (2211: 






























